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ABSTRACT. Three simplified modelling strategies are proposed to simulate the non linear 
behaviour of reinforced concrete (RC) structures submitted to severe loadings. The 
Equivalent Reinforced Concrete model (ERC) is suitable for very squat RC walls and it is 
based on the Framework method coupled with damage mechanics and plasticity constitutive 
laws. The multifiber Timoshenko beam can be used for slender or squat structures submitted 
to severe shear or torsion. Finally, the SSI macro-element coupled with the multifiber beam is 
able to reproduce soil structure interaction phenomena on the foundation and the structure. 
RÉSUMÉ. Trois stratégies simplifiées de modélisation du comportement non linéaire de 
structures en béton armé soumises à des chargements sévères sont proposées. Le béton armé 
équivalent est adéquat pour des voiles très faiblement élancés. Il est inspiré de la Framework 
method couplée avec des lois de comportement basées sur la mécanique de l’endommagement 
et de plasticité. La poutre multifibre Timoshenko est utilisée pour des structures élancées ou à 
faible élancement soumises à du cisaillement ou de la torsion. Enfin, le macro-élément ISS 
couplé avec la poutre multifibre est capable de reproduire les phénomènes d’interaction 
sol/structure au niveau de la fondation et de la structure. 
KEYWORDS: SSI, Timoshenko beam, multifiber beam, shear, torsion, macro-element. 
MOTS-CLÉS : ISS, poutre Timoshenko, poutre multifibre, cisaillement, torsion, macro-élément. 
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1. Introduction
Non-linear dynamic analysis based on detailed finite element models requires
large-scale computations and delicate solution techniques. The necessity to perform
parametric studies and the stochastic nature of the input accelerations often impose
simplified numerical modelling in order to reduce computational cost. Three recently
developed simplified modelling strategies are presented hereafter together with some
validation examples:
– The Equivalent Reinforced Concrete model (ERC), suitable to reproduce the
global (force/displacement) behaviour of squat reinforced concrete walls.
– A multifiber Timoshenko beam element, capable to simulate the non linear be-
haviour of reinforced concrete (RC) structures submitted to bending, shear and torsion.
– A macro-element that, coupled with multifiber beams, is able to reproduce com-
plicate Soil Structure Interaction phenomena.
All the above tools can be introduced in every general purpose finite element code
and could be of great importance in the everyday life of an engineering office.
2. Equivalent Reinforced Concrete model
A model based on first order beam theory (Bernoulli or Timoshenko) is unable
to reproduce shear deformations and stresses in structures presenting a very small
slenderness ratio (Mazars et al., 2002). An alternative simplified method is the so
called Equivalent Reinforced Concrete model (ERC), (Kotronis, 2000), (Mazars et
al., 2002), (Kotronis et al., 2003). The model uses a lattice mesh and it is inspired
on the Framework Method (Hrennikoff, 1941). The basic idea consists on using the
patterns of the Framework Method in a non-linear context and for a non-homogenous
material with constitutive laws based on damage mechanics and plasticity. The main
assumptions of the proposed strategy are (Figure 1):
1) An elementary volume of reinforced concrete (EV) is separated into a concrete
element (C) and a horizontal and a vertical reinforcement bar (SH and SV respec-
tively). Concrete and steel are then modelled separately using two different lattices.
2) The sections of the bars simulating concrete are derived from the Framework
Method. 1D damage mechanics constitutive laws are introduced.
3) A lattice composed by horizontal and vertical bars coupled with a uniaxial plas-
ticity model simulates steel. The section and position of the bars coincide with the
actual section and position of the reinforcement. Therefore, the lattice used for steel is
in general different from the lattice simulating concrete. In order to simplify the mesh
the method of distribution can also be used, where the sections of bars are defined
proportional to a corresponding surface area, see Figure 6. More information and dif-
ferent case studies can be found in (Kotronis, 2000), (Mazars et al., 2002), (Kotronis
et al., 2003).
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4) Perfect bond is assumed between concrete and steel.
5) When the stress field is quite homogeneous, the number of elements that simu-
late concrete or steel does not have a great influence on the results (Kotronis, 2000).
Therefore a “macroscopic” model can be used instead of the “equivalent lattice”, see
Figure 1.
Figure 1. The Equivalent Reinforced Concrete model
For plane stress conditions and for the concrete lattice, the pattern presented in
Figure 2 and the following equations of the Framework Method can be used.
Figure 2. Framework Method - Pattern for plane stress
Av =
3
8
3k2 − 1
k
αt [1]
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Ah =
3
8
(3− k2) αt [2]
Ad =
3
16
(1 + k2)
3
2
k
αt, [3]
where k the ratio between the length and the height α of the pattern and t the width of
the plate.
REMARKS.
1) In order to derive the previous pattern, the criterion of suitability adopted by
Hrennikoff is the equality in deformability of the framework and the solid material
in elasticity. In other words, the pattern gives the exact results only for an elastic
homogeneous material.
2) More complicate pattens of the Framework method are independent of the Pois-
son ratio. We choose to work with the simplest one in order to decrease the necessary
computational time.
3) A crucial parameter for the success of the non-linear simulation is the angle
θ that the diagonals of the concrete lattice form with the horizontal bars. This angle
depends on the reinforcement ratios in the horizontal and vertical direction, the loading
(normal compressive stress at the base of the specimens and shear stress) and the
boundary conditions. It is related with the direction of the cracks into the structure
(the bars are supposed reproducing the Ritter-Mörsch scheme). Calibrating this angle
by performing an elastic calculation to get the orientation of the principal axis when
cracking begins is a way to obtain roughly a solution. However, sensitivity increases
with low reinforcement ratios and so the question is still open, see (Kotronis et al.,
2003) and Subsection 5.1.2).
3. Multifiber Timoshenko beam
A 3D multifiber Timoshenko beam element has been developed in (Kotronis,
2000), (Kotronis et al., 2004), (Kotronis et al., 2005a) and (Mazars et al., 2006). The
element is displacement-based and has higher order interpolation functions to avoid
any shear locking phenomena (cubic and quadratic polynomials are used for the trans-
verse and rotational displacements respectively (Friedman et al., 1993)).
In the following equations 1 and 2 are the two nodes of the beam, x its axis, s
the subscript defining the “section variables”, u, v, w the displacements and θx, θy, θz
the rotations according to the x, y, z axis respectively. L is the length, S the section,
κy, κz the shear correction factors, I the moment of inertia, E the Young and G the
shear moduli, Figure 3.
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The matrix N containing the interpolation functions takes the following form:
N =


N1 0 0 0 0 0 N2 0 0 0 0 0
0 N3 0 0 0 N4 0 N5 0 0 0 N6
0 0 N∗
3
0 −N∗
4
0 0 0 N∗
5
0 −N∗
6
0
0 0 0 N1 0 0 0 0 0 N2 0 0
0 0 −N∗
7
0 N∗
8
0 0 0 −N∗
9
0 N∗
10
0
0 N7 0 0 0 N8 0 N9 0 0 0 N10


[4]
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and N∗i = Ni(φ∗), φ and φ∗ stiffness ratio due to flexion and shear:
φ =
12
L2
∫
S
Ey2dS
ky
∫
S
GdS
φ∗ =
12
L2
∫
S
Ez2dS
kz
∫
S
GdS
[6]
5
828 EJECE – 14/2010. Damage mechanics for concrete materials
L
E, S,G, I, κy, κzθzθx
θy
u, x
v, y
w, z
Figure 3. 3D Beam
The “generalised” displacements Us (at the section level) are linked with the dis-
placements at the nodes U with the following equations:
Us = N U [7]
Us
T =
{
us(x) vs(x) ws(x) θsx(x) θsy(x) θsz(x)
} [8]
UT =
{
u1 v1 w1 θx1 θy1 θz1 u2 v2 w2 θx2 θy2 θz2
}
[9]
The section ”generalized” stresses and strains are finally calculated by numerical
integration, according to the equations provided in (Guedes et al., 1994).
The above interpolations functions depend on the materials properties and are cal-
culated only once, during the first step. Introducing internal degrees of freedom in the
formulation of the beam and adequate higher order interpolation functions (indepen-
dent on the material properties) one can find the interpolation functions of Equations
[4] and [5] through classical static condensation (Caillerie et al., n.d.).
In order to solve the torsion problem for a plane section composed of several ma-
terials, a warping-conduction analogy method is used (Proix et al., 2000), (Mazars
et al., 2006). The problem of the calculation of the warping function ϕ(y, z) for a
section made up of several elastic materials (shear modulus Gi) is transformed into a
2D conduction problem in a plate made up of several materials (thermal conductivity
λi). The equivalent conduction problem takes the following form (with T (y, z) the
temperature function):
∆T (y, z) = 0 [10]
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By applying the correct boundary conditions, the problem can be solved with any
finite element code able to solve thermal conduction problems (Mazars et al., 2006).
4. SSI macro-element
The macro-element concept was applied for the first time in geomechanics
in (Nova et al., 1991). It consists in condensing all nonlinearities into a finite domain
and works with generalized variables (forces and displacements) that allow simulat-
ing the behaviour of shallow foundations in a simplified way. The macro-element
developed in (Grange, 2008), (Grange et al., 2008a), (Grange et al., 2008b), (Grange
et al., 2009) is inspired from (Crémer et al., 2001) and (Crémer et al., 2002) and it
reproduces the behaviour of a 3D shallow foundation of circular, rectangular or strip
shape, submitted to cyclic or dynamic loadings. It takes into account the plasticity
of the soil and the uplift of the foundation. A brief outline of the formulation of the
macro-element follows:
The associated generalized variables (displacement and force vectors) are dimen-
sionless. They are defined hereafter (for any a, a′ defines the corresponding dimen-
sionless variable): vertical force V ′, horizontal forces H ′x, H ′y and moments M ′x, M ′y ,
but also the corresponding displacements, vertical settlement u′z , horizontal displace-
ments u′x, u
′
y and rotations θ′x, θ′y . Torque moment (M ′z) is not taken into account
(Figure 4).
xx
yy zz
V
HxMy
Hy Mx uz
ux
θy
uy
θx
B
A
(a) (b)
Figure 4. Generalised variables: (a) forces and (b) displacements for a rectangular
foundation
The elastic part of the constitutive law is defined as F = Keluel, where the dis-
placement uel and force vectors F are dimensionless. The elastic stiffness matrix Kel
is calculated using the real part of the static impedances. It is considered diagonal, i.e.
there is not coupling between the different directions of the loading.
The failure criterion for the plasticity mechanism is defined for an overturning
mechanism with uplift (Salençon et al., 1995), (Pecker, 1997). The adaptation in 3D is
7
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done by adding the two terms related with the horizontal force and moment according
to the other axis and assuming axial symmetry. One finally obtains the following 5D
surface, see Figure 5.
fc (F, τ , ρ, γ) ≡
(
H ′x
ρaV ′c(γ − V ′)d
−
α1
ρ
)
2
+
(
M ′y
ρbV ′e(γ − V ′)f
−
α2
ρ
)2
+
(
H ′y
ρaV ′c(γ − V ′)d
−
α3
ρ
)2
+
(
M ′x
ρbV ′e(γ − V ′)f
−
α4
ρ
)
2
− 1 = 0 [11]
Figure 5. Evolution of the loading surfaces and failure criterion
The coefficients a, b define the size of the surface in the planes (H ′ −M ′). c,
d, e and f define the parabolic shape of the surface in the planes (V ′ −M ′) and
(V ′ −H ′). Theses parameters can be fitted to different experimental results found in
the literature. τ = [α1, α2, α3, α4] is the kinematics hardening vector composed of 4
kinematics hardening variables and ρ the isotropic hardening variable. The variable γ
is chosen to parametrize the second intersection point of the loading surface with the
V ′ axis and its evolution along the V ′ axis. The evolutions of the hardening variables
are obtained considering experimental results and numerical simulations (Crémer et
al., 2001) of foundations under cyclic loadings.
The failure criterion is given by Equation [11] considering (α1, α2, α3, α4, ρ, γ) =
(0, 0, 0, 0, 1, 1). The flow rule used is associated in the
(
H ′x,M
′
y, H
′
y,M
′
x
)
hyperplane
and non associated in the (H ′x, V ′),
(
M ′y, V
′
)
,
(
H ′y, V
′
)
, (M ′x, V
′) planes.
Uplift behaviour is also treated according to the classical plasticity theory follow-
ing the M − θ relationship proposed in (Crémer et al., 2001). For further details see
(Grange, 2008).
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5. Case studies
5.1. Modeling of the SAFE specimens
5.1.1. Description of the tests
Within the SAFE research project, 13 squat reinforced concrete walls have been
tested pseudodynamically (PSD test method) at the Joint Research Center of the Eu-
ropean Commission at ISPRA in Italy (Pegon et al., 1998b) and (Pegon et al., 1998a).
The specimens were very squat (slenderness 0.46) and the rotation of their upper part
was restrained during the tests to ensure a high level of shear. The results of the nu-
merical simulation of the T5 and T12 specimens using the ERC modelling strategy
follow.
REMARK.– T5 and T12 had the same geometric characteristics, the only differences
were the reinforcement ratio and the normal stress at the base (i.e. T12 had a much
more important normal stress and a smaller reinforcement ratio).
5.1.2. Numerical results
Details about the concrete and steel meshes are provided in Figure 6. The chosen
angle θ is calibrated from the experimental results (θ = 41, 6◦ for T5 and θ = 30, 1◦
for T12). The flanges of the shear walls are described using multi-layered Bernoulli
beam elements to account for bending. The width of these beam elements equals the
actual length of the flange. Four stiff beam elements, the rotation of which is not
allowed, simulate the top slab. Vertical displacement is free and the walls are fixed
at the base. Concrete is simulated using a uniaxial damage mechanics law (La Bor-
derie, 1991), (La Borderie, 2003) and steel with a classical uniaxial plasticity law with
hardening.
Comparison of the experimental with the numerical results in Figure 7 shows that
the ERC modelling strategy is able to reproduce the non linear behaviour of very squat
RC walls in terms of global forces/displacements.
To study the influence of the angle θ, a sensitivity analysis is presented in Figure 8.
For normally reinforced concrete structures (e.g. T5 specimen), the results of the
simulation do not change significantly with the angle. A value between 35◦ and 45◦
correctly reproduces the global behaviour. However, for lightly reinforced concrete
structures with an important normal stress (e.g. T12 specimen), the correct values of
the angle are found significantly reduced (between 30◦ and 33◦).
Simulations of the SAFE campaign with the Rotating Angle Softened Truss Model
(RA-STM, (Hsu, 1996)) are presented in Figure 9. As the RA-STM is based on exper-
imental results where the rotation of the tested specimens was free, it underestimates
the strength of the T5 and T12 specimens. The ERC model seems more adequate, at
least for the examples studied here, as it can reproduce the behaviour of squat walls
with or without rotation. In Figure 9 we present a comparison between the RA-STM
9
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and the ERC model, considering this time for the latter the top slabs free to rotate. The
influence of the boundary conditions is apparent.
Figure 6. ERC model, meshes: concrete (a) and steel mesh (c) for T5, concrete (b)
and steel mesh (d) for T12 specimens
Figure 7. ERC model, numerical results: (a) T5 and (b) T12 specimens
10
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Figure 8. ERC model, monotonic simulations with various angles compared to the
test envelope curve: (a) T5 and (b) T12 specimens
Figure 9. Simulation with RA-STM and simulation with ERC assuming the rotation of
the top slab free
5.2. Modelling SSI on a RC Viaduct
5.2.1. Description of the tests
A 1
2.5
scaled viaduct was recently tested pseudo-dynamically in ELSA (JRC Ispra),
(Pinto et al., 1996). The geometrical characteristics of the viaduct are presented in
Figure 10.
11
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Figure 10. Viaduct - SSI: plan view of the tested viaduct in Ispra, (scale 1
2.5
)
5.2.2. Numerical results
A model using Timoshenko multifiber beams and concentrated masses is chosen
to reproduce the structure (Figure 11). Six beam elements are used for the piles P1
and P3 and nine elements for the pile P2. The mesh is refined at the base of the piles
where damage tends to be important. 40 concrete fibers and 80 steel fibers (represent-
ing the reinforcement bars at their actual position) are used in each section. Details
of the model are provided in (Grange et al., 2010). Concrete is simulated using a uni-
axial damage mechanics law (La Borderie, 1991), (La Borderie, 2003) and steel with
the classical Menegoto Pinto model (Menegoto et al., 1973).The desk being from pre-
stressed concrete, its behaviour is assumed linear and it is discretised using linear
beam elements. The loading is applied according to the z axis. Calculations are made
with FEDEASLab, a finite element MATLAB toolbox (Filippou et al., 2004).
Rectangular shallow foundations are numerically introduced at the base of each
pile in two different ways, via macro-elements or linear springs. The dimensions of
the foundations are: Lz = 4.2m, Ly = 2.1m. The stiffness of the springs is such that
they accumulate the same energy as the non-linear SSI macro-element. A class C soil
is considered according to the Eurocode 8 classification. Its characteristics are given
in Table 1.
Table 1. Viaduct - SSI: Characteristics of the class C soil
Soil Shear cohesion c Stiffness and ultimate
modulus G0 and friction damping bearing
velocity Vs angle φ stress qmax
Class C Vs = 150m/s cu = 150kPa Kθθ = 1112.5MNm/rad q = 1.1MPa
soil G0 = 45MPa φu = 0 Kzz = 298.68MN/m
Khh = 244.36MN/m
Cθθ = 4.34MNms/rad
Czz = 1.17MNs/m
Chh = 1.00MNs/m
12
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Figure 11. Viaduct - SSI: model using multifiber beam elements and concentrated
masses
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Figure 12. Viaduct - SSI: comparisons of the displacements, moments, shear forces
for a class C soil
Numerical results are presented in Figure 12. Three types of boundary conditions
are considered: linear springs (EL), macro-element (ME) and embedded (Fixed). Dis-
placements are strongly amplified, multiplied by 3 or 4, for the case of the structure
resting on the macro-element and on the linear elastic springs respectively. Differ-
ences are however more pronounced for the internal forces at the base of the piers
(moments and shear forces). In fact, loads on the structure are significantly reduced
for the case of the macro-element, due to the bearing moment and force capacity that
are reached into the soil. Results obtained with the elastic linear springs have not such
limits and can be similar to the ones found for the fixed piers.
13
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6. Conclusions
Different simplified modelling strategies for a variety of engineering problems
are presented in this paper. The proposed tools are easy to use, not computational
demanding and provide good results in terms of global variables. Although they
also contain information on local variables, validation using experimental data or
complex non linear models is necessary, especially when important levels of damage
are expected. In this paper, numerical simulations are compared with experimental
results, part of National but also International research programs (see also (Nguyen et
al., 2006), (Kotronis et al., 2005b), (Bisch et al., 2007), (Ile et al., 2008), (Desprez
et al., 2009)). Our current work is focused on finding methods to predict localisation
phenomena in concrete structures ((Kotronis, 2008), (Kotronis et al., 2008)).
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